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Abstract: Motivated by the FRW-CFT proposal by Freivogel, Sekino, Susskind and Yeh, 
we compute the three-point function of a scalar field in a Coleman-De Luccia instanton 
background. We first compute the three-point function of the scalar field making only very 
mild assumptions about the scalar potential and the instanton background. We obtain 
the three-point function for points in the FRW patch of the CDL instanton and take two 
interesting limits; the limit where the three points are near the boundary of the hyperbolic 
slices of the FRW patch, and the limit where the three points lie on the past lightcone of 
the FRW patch. We expand the past lightcone three-point function in spherical harmonics. 
We show that the near boundary limit expansion of the three-point function of a massless 
scalar field exhibits conformal structure compatible with FRW-CFT when the FRW patch 
is flat. We also compute the three-point function when the scalar is massive, and explain 
the obstacles to generalizing the conjectured field-operator correspondence of massless fields 
to massive fields. 
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1. Introduction 



The AdS/CFT correspondence has successfully provided a framework in which to un- 
derstand quantum gravity in Anti de Sitter space. However, an equivalent framework for 
gravity in de Sitter space — in which we live — remains to be understood. Motivated by 
the success of AdS/CFT, many holography-inspired ideas have been put forth on how to 
address de Sitter gravity, an incomplete sample of which has been listed in the bibliog- 



raphy ||2[-[22]. This paper is motivated by one of them, namely the idea of FRW-CFT 



1,1^, |TT|, |1,|T71. 

The idea of FRW-CFT is that it is natural to consider quantum gravity in backgrounds 
with bubble nucleation, as described by a Coleman-De Luccia(CDL) instanton [|^. Sup- 
pose we have an asymptotically flat space inside the bubble and an asymptotically de Sitter 
space outside. The Penrose diagram of this instanton is shown in figure |l|. If we consider 
the asymptotically flat FRW region(region A) of this background in four dimensions, it has 
a well defined spatial infinity at S, which is an 5^. 




Figure 1: The Penrose diagram for the Coleman-De Luccia instanton with an asymptotically flat 
space inside the bubble and an asymptotically de Sitter space outside. In the thin-wall limit, the 
two regions are divided by a thin domain wall such as the bold curve in the grey region. In this 
case, the space is flat to the left of the wall, and de Sitter to the right of the wall. 

Freivogel, Sekino, Susskind, and Yeh proposed a holographic correspondence between 
the bulk theory in region A and its boundary S in Q. This idea was further elaborated 
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in [|T^, |TT|, 15, 17 1 . In these papers, the authors have proposed that in four dimensions, 



the holographic dual living at S corresponding to the bulk gravity theory is a conformal 



theory coupled to a time-like Liouville theory |2J, 25, 26, Furthermore, they have 
identified the conformal time coordinate with the Liouville field on the boundary. The full 
non-perturbative boundary theory is also conjectured to capture non-perturbative features 



of eternal inflation, in particular the physics of nucleated bubbles |28]-|35|. One of the 



motivations for this conjecture was the fact that the two-point functions — obtained by 
analytic continuation from the Euclidean instanton to the FRW region of a thin-wall CDL 



instanton 37, 38 1 — exhibit features that suggest the existence of a holographic CFT.^ 
The two-point function of a single scalar field that is massless in the FRW region(region 
A of figure |l|) can be decomposed into a tower of two-point functions on the hyperbolic 
slices — which are the contours depicted in figure |[— when the FRW region is flat. To be 
more precise, let us first take the metric in the FRW region to be 

ds'^ = e'^'^i-dT^ + dn^) = e'^^i-dT^ + {dR^ + sinh^ Rdoo'^)) , (1.1) 

where dH'^ denotes the three-dimensional hyperbolic metric, and dio'^ denotes the S"^ metric. 
Then, the two-point functions of massless scalars can be written in the form 



A A 



fl.2l 



in the "near boundary limit," i.e., when R — t- oo. G/\{T-L,T-L') are two-point functions of 
dimension A on three-hyperbolic space. This form made it tempting to conjecture that a 
massless scalar in flat FRW space corresponds to a sum of operators at the boundary of 
two less dimensions, i.e., 

A A A,± 



with 



(O±(x)0±(x'))oc^-^^ (1.4) 



in general. 

In order to investigate the properties of the conjectured holographic theory at S, some 
additional data is needed. The three-point function is the next object one would naturally 
compute to explore the conjectured duality. This is exactly what we do in this paper. In 
this paper, we compute three point functions of scalar fields in a CDL instanton background 
and investigate its structure. As was with the case of the two-point function, we obtain the 
three-point function by analytically continuing the three-point function on the Euclidean 
CDL instanton. 



^An analogous analysis of two-point functions in general dimensions was carried out in [^. The late- 
time behavior of the correlators in general CDL backgrounds beyond the thin-wall limit were studied more 
recently in |40[. 
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If there is indeed an FRW-CFT correspondence, additional information about the 
"CFT" should be encoded in the three-point function. For example, if a field-operator 
correspondence such as (|1.3| ) were true, one would expect that the bulk three point functions 
would have a "holographic expansion" of the form 

{A,,^,.} ' ' (1.5) 
X Z^Ai,A2,A3(^l,^2,^3) , 

where Wai,A2,A3(^15^2)^3) is a three point function in hyperbolic space with operator 
dimensions Aj. The sum over o"i runs over the two signs (+) and (— ). In this case, we 
can identify C^Al^^Aa structure coefficients of the CFT. One of the main results of 



the current paper is that there is indeed an expansion of the form ( |1.5D of the three-point 
function for a scalar field that is massless in the flat FRW region. 

We find, however, that the situation is rather different for scalars with a more general 
potential in a more general background. We can write the three-point function of a scalar 
with a generic potential in a generic CDL instanton as 

< 000 > = ^ Fai,A2,A3(^1>^2,T3)Z^Ai,A2,A3(^1,^2,^3) • n q\ 

{Ai} 

We denote this expansion of the correlator, the "holographic expansion." While the two/three- 
point correlators of massless scalars in a flat FRW patch split nicely into four /eight terms 
that have definite exponential scaling with respect to T, the same is not true in general. 
The best we can do for these scalars is to take Tj — ?■ — oo or Tj — )• oo and examine the 
behavior of -Fai,A2,A3(^1' ^2, ^a) at these asymptotic limits. At early times, we show that 

< 000 > ^ ^ CAi,A2,A3e-^^^^e-^^^^e-^^^=^Z^Ai,A2,A3(^i,^2,1^3) , n 7) 
{AJ 



which is exactly how the three-point function of the massless scalar, (1.5), behaves at early 



times. The late time behavior of the correlator seems to be non- universal.^ If this is indeed 
the case, the behavior of the correlator indicates that the field-operator correspondence 
( |1.3| ) has to be revised for scalars that have more general potentials or that are in more 
general backgrounds. 

Since the procedure of calculating the three-point function we use is completely general, 
it can be applied to computing the three-point correlators of any kind of scalar fluctuation. 
In particular, if our universe were inside a nucleated CDL bubble, this is exactly the 
calculation one would do to compute the three-point correlations of a scalar fluctuation 
observable in the sky. A particularly interesting limit for these "observational" purposes 
can be obtained by taking 

T -00, R^oo, T + R= (constant) . (1.8) 



^We comment on the holographic expansion of the massive scalar at late times in the concluding section 
of this paper, and leave a careful study of the late-time behavior of correlators to future work. 
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Light-like trajectories have constant T + R, so the R value of the celestial sphere at some 
past T is given by 

-?^past — {T ~\~ -R) I current ^past • (l-^) 

By taking this limit, we obtain three-point functions of points on the past lightcone of 
the FRW patch — we have expanded the three-point functions in spherical harmonics in 
this limit. In figure |l|, the past lightcone is the boundary of region A and B. The word 
"observational" is put in quotation marks because although data from the past lightcone 
is in principle observable, whether such data can be practically obtained is a completely 
different question. 

We present the calculation of the three-point function and its interesting limits in the 
following way. As was with the two-point function, the three-point function on the CDL 
instanton is obtained by analytically continuing the Euclidean three-point function. To 
make the calculation clear, we carry it out in two steps. 

1. We first calculate the three-point function of a scalar in a general CDL instanton 
background. 

• We make only very weak assumptions about the background and the couplings 
of the scalar field to background fields. In particular, we do not assume the 
thin- wall limit. 

2. We examine the two useful expressions of the three-point function. We write out the 
holographic expansion, and also write out the spherical harmonics expansion on the 
past lightcone. 



In general, the holographic expansion (1^) cannot be written in the form (|1.5|). 



It does, however, have an exponential T scaling (1.7) in the early-time limit, 
i.e., when T — )• — oo. 

The structure of the three-point function is determined entirely by data that can be 
extracted from the radial profile of the CDL instanton. We identify the corresponding data 
for two examples. 

1. A scalar field that is massless in the fiat region. 

• We show that the the holographic expansion can be written in the form (|L 
and compute its structure coefficients. 

2. A massive scalar field. 

• We compute the data relevant to the three-point function, and obtain the early- 
time holographic expansion whose terms have exponential scaling with respect 
to T. 

In both examples we set the background to be a thin-wall CDL instanton considered in 
Q, where space is fiat on one side and de Sitter on the other. We compute the three-point 
function in the fiat FRW region. 
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The organization of this paper is as foUows. First, we explain the general setup in 
which we work in section ||. In particular, we review some relevant facts about the CDL 
instanton and conformal coordinates that we refer to throughout the paper. We calculate 
the Euclidean three-point function in section ^ We analytically continue the three-point 
function to Lorentzian signature in section ^. We also take the two useful limits of the 
analytically continued three-point function in this section; the near boundary limit, in 
which we write the holographic series expansion of the three-point function, and the past 
lightcone limit, in which we expand it in terms of spherical harmonics. 

We work out examples in the next two sections. As noted above, we assume a thin- 
wall CDL instanton for explicit calculation for both examples. In section |^ we examine 
the three-point function in the case that the scalar field is massless in the flat region after 
reviewing the thin-wall CDL instanton. In section ^ we examine the case when the scalar 
field is massive. Finally in section |^ we summarize the results and discuss its implications 
in the context of FRW-CFT. 

We recommend that the busy reader focus on sections || and @. We have put effort 
into structuring these two sections so that they present a self-contained summary of the 
setup and results of this paper. 



2. The Setup 

We wish to compute the three-point function of a massive scalar around a Coleman-De 
Luccia instanton. The Euclidean Lagrangian is given by 

C = I d'x^iR + ^{dcl^f + y(<A) + ^{d^f + V(^, ct>)) . (2.1) 

where (j) is the tunneling scalar and is the scalar whose three-point function we wish 
to compute. We assume V{4>) have two local minima at 4> = with values > 

and = V{(l)-) < V{(p+). We assume that the global minimum of V{if,(j)) is at = 
independent of </>, which implies that 

^■^1 -'^^1 -n (22) 

— 1^=0-^1^=0-0. (2.2) 
These equalities imply that there is no mixing between (p and (p, i.e., 

1^=0 = 0. (2.3) 



The Euclidean CDL instanton solution is given by |23] 



ds^ = dr^ + /(r)2dfi2 (2.4) 
</> = Mr) (2.5) 
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where we have used to denote the metric on S^. We use Q to denote coordinates 
throughout this paper, /(r) and (j)Q{r) must satisfy 

^o" + ^j^'o = ^U=<Po (2-6) 
/" = 1 + y (^l^'o' - V{^)^ (2.7) 

where the primes denote differentiation with respect to r. We demand that (pQ interpolates 
from (p^ to 04 (which is between 0+ and (/>_) from tq to such that 

/'(0) = 1, /'(ro) = -l, </.'o(O)=0^(ro) = O. (2.8) 

It is useful to use the conformal coordinate X, i.e., 

dX = dr/f{r) (2.9) 

and to define 

a{X)^f{r). (2.10) 

We would like to analytically continue the coordinates into the FRW region inside the 
bubble 1 36].^ We choose to analytically continue by 

r-^-it, e-^iR. (2.11) 

Let us analytically continue the conformal radial coordinate accordingly. The conformal 
coordinate X is defined as 

for some ri. Since /(r) — )• r as r — )• 0, X — )• Inr as r — )• 0. The conformal radial coordinate 
X in the FRW region can be defined as 

x{-it)=[ -^ + X{n) (2.13) 

Jc{ri,-it) fin 

where C(ri, —it) is a contour that begins at ri and ends at —it as depicted in figure]^ 
Note that as t — )■ 0, since /(r) — t- r as r — )• 0, when t — )■ 0, 

X{t) r^ln{-it) =lnt-i7r/2. (2.14) 

Now f{—it) = —if(t) for some real function /. Hence we find that 

X{-it) = T{t) -iTT/2 (2.15) 

for some real function T. We define this function to be the conformal time coordinate. 
One finds that for 

a{T{t)) = f{t) = if {-it) = ia{X{-it)) = ia(T - iir/l) , (2.16) 



We have found it convenient to use conventions that differ by a sign from kw. We briefly explain this 



choice in section 



5.1 
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Figure 2: Contour of integration for conformal coordinates. 



the metric becomes 

ds^ = d{T)'^{-dT^ + (in^) (2.17) 

where dH"^ is the metric on the hyperbohc space 7i^. 

Note that in the X — )■ — oo hmit, a{X) — )■ Le'^ for a length scale L. In the T — )• — oo 
limit d{T) — )• Le^ for the same L. The analytic continuation is done by joining the 
Euclidean instanton and the Lorentzian background at the "hip," by gluing T — )• —oo and 
X — )• — oo. We explicitly work this "patching" out for the thin- wall case at the beginning 
of section |5[ 

Now let us expand the fluctuation of around this solution. Defining 

ip{x, n) = a{xy^ip{x, n) (2.18) 

we obtain 

c = J dXdn^Va^ (^l^i-djc + u{x) - u)^ + U¥{x)^^ + o{ip^) (2.19) 

where 553 refers to the metric and □ is the Laplacian on 5^. U and W are given by 



t^(^) = -TVV + a'(^)T^U=</.o,^=o (2.20) 



W{X)=a{X)j^^U=^,^^=o (2.21) 

We refer to U{X) as the "radial potential" throughout this paper. 
Our aim is to obtain an expression for 

((^(Xi, i7i)99(X2, n2Mx^,VL?;)) (2.22) 

and its analytic continuation to Lorentzian signature. The three-point function for (p can 
be recovered by multiplying factors of a(Xj)~^ to the correlator of (/?. 
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Later on, we consider two examples of potentials V. We first consider a potential for 
which (p is massless on one side of the wall aX X = Xq in the thin- wall limit of the instanton. 
For example, the potential 



serves the purpose as 



m 



1 



--^^^ + 0{^'). (2.23) 
on one side of the thin wall and (b = (b+ on the other. 



U{X) 



W{X) 



{X <Xo 



a"{X) 

-^ + m^a{Xf {X>Xo) 

'O {X < Xo) 

Xa{X) {X > Xo) 



(2.24) 



(2.25) 



We refer to a scalar with this potential as a "massless scalar" throughout the paper, for 
lack of a better term. 

We also consider the case when V is independent of (p, i.e., 



V = ^mV + ^A(^' + 0(/). 
2 

The scalar must be massive in order for = to be a stable point. Then 

o"(X) 



W{X) = Xa{X) 



+ m^a{Xy 



(2.26) 

(2.27) 
(2.28) 



3. Correlators in Euclidean Signature 

In this section, we compute the two-point and three-point correlators on the Euclidean 



CDL instanton. We review the computation of the two-point function in section 3.1 for 
a general CDL instanton, assuming only mild conditions on the properties of the radial 
potential 

u(x)-''"^^Kn'(x)^'^\ rsn 

Using the two-point function, we write an expression for the three-point function in section 



3.2. 



3.1 The Two-Point Function 

We write out the two-point function in a form convenient for our purposes in this section. 
A more detailed account of the calculation can be found in 37, |3^, |3^. Many of the 

results on one-dimensional scattering used in this section can be found in g |4|. 
Let us consider the Schrodinger equation, 

{-dj, + U{X))^E{X) = E^E{X), (3.2) 
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where U is the radial potential, (3J). By properties of a(X), it is easy to verify that 

U[X) ^1 for X ^ ±00 . (3.3) 

So there exist a continuum of states labelled by real number k that satisfy 

{-dl + U{X))^k{X) = + l)^k{X) . (3.4) 

There are two different bases that we can organize such solutions into. We define 
to be the solutions that behave asymptotically as 

^k^{ 3.5 
\r(A;)e^'=^ (X^oo) 

Also, we define <I>/c to be the solutions that behave asymptotically as 

\T{k)e-^^^ (X^-oo) 

We note that for real k 

^-k = n, ^-k = n, (3.7) 

and hence that 

n{k)* =n{-k), T{kf = T{-k). (3.8) 
The unitarity relation |7^p + \T\'^ = 1 becomes 

n{k)n{-k) + T{k)T{-k) = 1 . (3.9) 

Also the two bases are related by 

There also can be bound states of this potential. We already know that 

U{X) ^1 for X ^ ±00 . (3.12) 
In addition to this, we assume that the following holds: 

1. The poles of and T{k) with respect to k in the upper-half of the complex k 
plane coincide and are simple. 

2. The number of such poles are finite. 

3. All such poles iz lie on the imaginary axis and correspond to unique bound states of 
energy (1 — z^). 
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k 



fi 



Figure 3: The contour C. C runs along the real axis with a jump over the upmost pole of T 
marked by a cross. 



4. ^k/T{k) does not have a pole in the upper-half of the complex k plane. 

5. U{X) approaches 1 as X — )• -co "rapidly." 

We refer to these conditions as "regularity conditions" throughout this paper. We have 
defined the meaning of "rapid" in appendix For our purposes, it is enough to note that 
exponential tails — {U{X) ~ 1 + Ae^^) — are "rapid" enough. 

The second condition means that for each pole iz of T in the upper-half of the complex 
k plane, there exists a bound state 



Uiz{X) oc Res '^k oc Res 

k=iz k=iz 



(3.13) 



such that 

{-dl + U{X))u,,{X) = {-z^ + l)ui,{X) . (3.14) 

All bound states are non-degenerate and hence their wavefunctions are real up to overall 
phase. We can fix the phase to be 0. 

These assumptions all hold when the potential U{X) becomes constant for X < Xb 
for some Xb- In that case, all the poles of the reflection coefficient IZ and transmission 
coefficient T coincide in the upper-half of the k plane. Also, all these poles lie on the 
imaginary axis and correspond to unique bound states. We have slightly generalized these 
restrictions in our case. Rather than restricting the analytic structure of the scattering 
coefficients, we have restricted the analytic structure of the eigenfunctions themselves. We 
believe that these assumptions are not very strong, as we expect ^ and T of a "generic" 
U{X) to obey this property. We note that poles of c^nd Tk in the lower-half plane 

are relatively uncontrollable in contrast to the poles in the upper-half plane. 

Defining C to be a contour in the complex k plane that runs along the real axis with 
a jump over all the poles of T in the upper-half plane, the two-point function is given by 
|3|, 13, 1] 



G((Xi,Oi),(X2,J72)) 



(V9(Xi,f)i)v9(X2,02)) 

dk ^k{X)^k{X' 
c 2vr T{k) 



Gk{n,n') 



(3.15) 
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The contour C is depicted in figure |^ is the propagator for a scalar 

(□ - + l))Gfc(J7, !^') = -^5{VL, Vt') . (3.16) 



Written out explicitly, it is 



smh Ki-K sm fc) 



0(f2, Q') is the angular distance from Vt to il'. 
To show ( |3.20| ), we need to show that 



c 



If this were true, then 



27r r(A;) 

1 



(3.19) 



-_6{x - x')6{n,n') 



as desired. The completeness relation ( 3.1^ ) is proven in appendix^, 



To summarize, the two-point function on the Euchdean CDL instanton can be written 
in the form 



(^(Xi,l^i)Vp(X2,1^2)> = ^§^^^^^|^G,(f],f]') (3.20) 



when the potential U (X) satisfies the regularity conditions. The contour of integration is 
defined to be a contour that runs along the real axis with a jump over the poles of T; it is 
depicted in figure ^. We note once more that U{X) ~ Ae^^ + 1 approaches 1 in the limit 
X — )• — oo rapidly enough to be regular. 

3.2 The Three-Point Function 

We find an expression for the tree-level three-point function 

T{{Xi},{Q,}) = {ip{Xi,Qi)ip{X2,n2MXs,ns)) (3.21) 
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in this section. For notational simplicity, we use {xj} to denote the triplet {xi,X2,X3) for 
any argument Xi throughout the paper. Recall that the relevant part of the Lagrangian 
for computing the three-point function is 

C = I dXdfls^ (^\^{-djc + U{X) - u)^ + ^W{X)^'^ + (3.22) 

and therefore 

r({Xi},{f],}) 

(3 23) 

dXdnW{X)G{{Xi,^i), (X, J]))G((X2, 02), (X, J]))G((X3, 03), {X, 0)) 
at tree-level. 

Using ( 3.201 ), we find that the full three-point function of ip on the Euclidean instanton 



is given by 

T({x,}.{at}) 




Here we have defined 



and 



/oo 
dXW{X)^i'k^ {X)^k, iX)^ks (X) , (3.25) 
-00 

C^fci,fc2,A:3(^l; ^2, f^s) = J dil.QGkj^{il.i,Qo)Gk2{^2,^o)Gk3{il.3,il.o) ■ (3.26) 

As will be seen throughout this paper, S{{ki}) is the crucial data that determines the 
three-point function. We call S the "wavefunction overlap." 

4. Analytic Continuation of the Three-Point Function 

We analytically continue the Euclidean CDL three-point function to Lorentzian signature 
in this section and take various useful limits. As a first step, we analytically continue the 
three-point function on to T-L^ in section 4.1.^ Next, we use this result to write the 



holographic expansion of the CDL three-point function in section 4.2 



Lastly, we write the three-point function for points lying on the past lightcone of the 



FRW region in section |4.3| . Recall that the past lightcone is at 

T — )• — oo, R —7- oo, T + R = (constant) (4.1) 
as seen in the introduction. We expand the correlators in terms of 5^ harmonics. 



^This analytic continuation was the key step that made this paper possible. The results of section 4.1 
were obtained jointly with Yasuhiro Sekino, and I am indebted to him for providing crucial insight to this 
calculation. 
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4.1 Analytic Continuation of the Three-point Function on 

We first must understand how to analytically continue the three-point function on of 
three scalars (pi,(j)2, (ps that satisfy 

(□ - (kf + 1))0, = (4.2) 

with the interaction term 

(t>ihh ■ (4.3) 

We use the coordinates {6, (p, ip) on where 6 and (j) vary from to vr and the range 
of 99 is given by [0, 27r). The metric on is given by 

= de^ + sin^ 0duj'^ = de"^ + sin^ 6l(#2 _^ sin2 ^pdip'^) . (4.4) 

We use as shorthand for the coordinates {9, </>, ip) and u as shorthand for the S"^ 
coordinates (</>, 93). The propagator for each scalar satisfying 

(□ - {kf + i))Gk, {n, n') = -^6in, n') (4.5) 



is given by 



^ ,o c>'\ sinh ki{TT - 6) 

Gk,{n,n) = —— — — . (4.6) 

smn/c,-7rsinH 



0(0, Q') is the angular distance from Q to il'; 

cos 0(ri, ri') = cos 6 cos 6*' + sin 6 sin 6*' cos a{uj, uj') . (4.7) 
Here a is the angular distance between the S"^ coordinates; 

cos a{uj, uj') = cos (f) cos (f)' + sin (j) sin </)' cos((/3 — (p') . (4.8) 
The three-point function is given by 

Uk,MMi^i^^2,^^) = J dnoGk,{n^,no)Gk,{n2,no)Gk,in3,no) , (4.9) 

which we have encountered at the end of section 3.2. Using the shorthand notation 

e,,- = e(J7i,%), (4.10) 

this can be written as 

Jo J \^ smh(A;i7r) sm 9^0 

As before, using the notation {xi} to denote the triplet (xi,X2,X3) for any argument Xj, U 
can be conveniently written as 

U{k,}i{^i}) = Uk,M,k3i^u^2,^3) ■ (4.12) 
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Figure 4: Contour of integration for Oq. 



Let us analytically continue 6 to iR. Then 

-ds'^ = dR^ + sinh^ Rdoj'^ (4.13) 

is precisely the metric on hyperbolic space T-L^. Interpreting the coordinates {R,cl),ip) as 
coordinates on Ti^ we may analytically continue the arguments of T to obtain a function 
on n^; 

u^k.^}{{{Ri,(l)i,ipi)}) = U{k,}{{{iRi,^i,ipi)}) . (4.14) 

We use 7i to denote the coordinates {R, cp, if). 

Now we deform the initial contour of integration C for on the complex plane. The 
only potential poles are at 9 = iRi+rnr for integer n so we deform the contour of integration 
as in figure |^ and take M to infinity. The new contour of integration can be broken in to 
3 pieces Ci, C2 and C3, i.e., 

U{k.}im}) = + > (4.15) 

where 

n^ym}) = [ d9o sin^ ^0 / duo J] "'"1^^^'^ ■ (4-16) 
^ '^ Jci J -^.-L smh(A;i7r) sm e^o 

As we take M to infinity the integral over C2 vanishes. This is because when Qq = 

{iM + eo,(t>o,ipo) 

cos Qio 

= -e*^(cos 6*0 (cosh Ri + sinhi2j cos aoi) + i sin 6*0 (cosh i?j — sinhi?j cos aoi)) + 0(e~*^) 



(4.17) 
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where 

cot 61 = cot 00 . (4.18) 

\ cotn itj — cos aoi / 

Hence 

arccot(e^^* cot 6'o) < 6* < arccot(e"^'^ cot 6*0) • (4.19) 
It is clear that 9 slides from to tt as ^0 runs from to tt. Since 

cos(-iM + e) = le^M+oii)) ^^^g ^ + i sin ^) + ©(e"*^) (4.20) 
for large M, it is clear that up to corrections small in the limit of large M, 

Sio = -iM + e (4.21) 
where 6 ranges from to tt. Therefore 

IsinGiol^^e^ (4.22) 

for large M and 

\smhki{Tr-@io)\ (4.23) 

is bounded above for given Hi, and for Oq on C2 since the real part of Gjo has finite 
range. Therefore 



/ d6losin^6lo duoT] . ^ • 

Jc2 J smh(A;i7r) sm 6^0 



sinh ki {tt — Q 



iO) 



0{e-^) (4.24) 



and hence "^1^, |({'Hj}) vanishes as M — t- 00. 

Now let us carry out the integral along the contours C\ and C3. 

cosB((zi?,a;), {iR' ,uj')) = cosh i? cosh i?' — sinh i? sinh i?' cos a (w, w') 

= cosh£{H,H') 



(4.25) 



where i{'H,'H') is the angular distance between two points in hyperbolic space. Therefore 

sinh/cj(7r — Ujq) 



GkA{iRo,ujo), {iRj,ujj)) 



sinh(A;j7r) sin iijo 



(4.26) 



2i sinh(fcj7r) sinh £jo 

when we take ^0 = iR- We have defined 

iij = e{ni,Hj) . (4.27) 

We can define the two-point function on as 

ike{H,H') 
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Unlike in the case of S there are two distinct solutions to 



(□ + kf)GkSn,n') = -^5{n,n') . (4.29) 



In ( 4.2g ), we have chosen a propagator that has "definite asymptotic behavior," i.e., 

Gk{i) ~ e(-i+^'=)^ (4.30) 
for large i. With this definition we may write 

G^A^Ro,u.o),{^R,,u^,)) = 2zsinh(fc,.) ■ ^'-''^ 

Therefore 

* signs ^ i 

= sTP^ E(^i)(=fi)(Ti)='***'-/''«°n5±..(«o.«.). 

' signs i 

(4.32) 

where the sum are taken over the 8 combinations of assignments of signs. We can improve 
the notation by writing 

= .rr \i. ^(-c7i)(-a2)(-a3)e(-"^^^-"^"^-^^3)- H dR^sinh^ Ro [ dcvoHGa^kMo) 

= - sTpi^ / n 6..awo. 

{o"i} * 



(4.33) 



where each crj runs over the two values (+1) and (—1). 
Meanwhile 

W{m({^0) = J d'HoY{gk,{no,ni) (4.34) 

i 

is precisely the three-point function on Ti"^. At large values of Ri = R2 = R3 = R, U 
behaves as 

^{fc,}({^i}) ~ 0(e-3«+i{fci+fc2+^'3)^) . (4.35) 

Then 

= - 8 n . sinh fc vr ^ ^^^^^36-^^- -'^'^-^{...J ({^.}) • (4.36) 
Likewise we can do the contour integration along C3 by setting 6q = iRq + vr. Using 

cose{{iR + 'K,uj),{iR',uj')) = cosh{£{n,n')-i'K), (4.37) 
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we find that 



G,^ii^Ro,.,U^R,,.,)) = ^^^^^J^ (4.38) 



and 



= — — / f^-Ro sinh^ fio / c^'^o IT Q^^k, i^io) 

SUiSmhkiTT J Y (4.39) 

= " 8n.sinhfc.vr ^"^"^"^ / ^^0 JI ^'^.^^ (^0, ^.) • 

Adding all the contributions up, the analytic continuation of U becomes 

U{kMm) = - 8 n . sinh fc^vr ^ ^^^^^^^^ + "^'^^)^....} (i^^l) • (4-40) 

It is useful to write l^{ki} — the three-point function on H"^ — in Poincare coordinates. 
Taking the Ti"^ coordinates to be {z,x) where x = {xi,X2) and the metric is given by 



ds'^ = , (4.41) 



dz^ + dx^ 



the two-point correlator satisfies 



-?^A=l-^fc(^; .x') 

-2ik 



(4.42) 



as z —7- 1 42]. Using the results of [43|, we find that the three-point correlator 

^3 W^kA^h^i'^z^^) (4.43) 

i 

in the — )• limit goes to 

U{k,}{{^i = {Zi,Xi)]) 

^(i_,fc,)^(i_,fc,)^(i_,fc3) r(^)r(^)r(%i)r(^ (Ai + A2 + A3 - 2)) 

^ i67r2 r(Ai)r(A2)r(A3) (^-^4) 

1 

|xi2|^i2|a;23|^23|a;3i|^3i 

where A; = 1 - i/c;, = \xi - Xm\ and 

^Im. = A; + Am - ezm„A„ = I - iki - ikm + ieimnkn ■ (4.45) 
It proves convenient to denote 

^'^^'^^''^^ " 1X1.1^-1X23^-1X311^3. (4-46) 



and 

^ r(%^)r(%^)r(%i)r(i(Ai + A2 + A3 - 2)) 

r(Ai)r(A2)r(A"^ ' ^ ^ 
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4.2 The Holographic Series Expansion of the Full Three-point Function 

Let us now analytically continue the full three-point function on the Euclidean instanton 



( 13:241) : 




T{{X,},{^,}) 

'dxw{x) I ^f^n(X^%^^^^w^^^(^'^' 

We are interested in the "near boundary limit" of the correlators. That is, we look at the 
behavior of the three-point function as we take the three points near the boundary of 'H'^, 
i.e., we take — )• in Poincare coordinates. 

We first analytically continue the spherical coordinates Vtj to T-Lj by taking 9j — t- iRj. 
As elaborated in the previous section, [7{fc.}({rjj}) analytically continues to u^}..^{{rii}). 
By the discussion at the end of the last section we know that the near boundary limit of u 
is given by 

= - grr.sinhfc vr ^ ^^"^"^^^ + 

^ ^aia2a3(l + e-(S»'^^*^^)") (4.49) 



1287r2 Hi sinh /civr 

X (n^^"*"'''Oc{l-i<x,fcjT|i_i,^fcj({fi}) . 
i 

Now defining 

(l + e-E."*)')c,i_„,t, 



we find that in the near-boundary limit, 

r({xj,{-Hj) 



as z — )• 0. 

In this limit, the \ki\ — )■ oo behavior is dictated by z^^^^\ That is, for terms of the 
integrand with z dependence z^"*''* we may deform the contour C "upwards" towards ki — )• 
zoo, while for terms with z dependence 2^+**^* we can deform the contour C "downwards" 
towards ki — t- —ioo. More concisely, we may deform terms with z dependence z^~^'^^^^ 
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towards fcj — t- icjoo when z — t- 0. By deforming the terms in the integrand accordingly, 
the integral can be written as a sum of contributions from codimension-three poles of the 
integrand, i.e., poles of the form 



+ 



(4.52) 



ih - Pi)ik2 - P2){h - Ps) 
near {ki} = {pi}. 

Let us denote the -ff}^^"* the upper-half of the complex plane divided by contour C 
and H^~^^ the lower-half. Let us also denote the codimension-three poles of S^ai}i{ki}) 
with respect to ki in H^^ x iJg^ x H^^ as {iain^^,ia2n^^,iasn^^), or in short, {iaiU^*}. 
Then by doing the contour integral and picking up the poles of the integrand for each pole 
we obtain 

T{{Xi},{ni}) 



n 



C 27r T{ki 



Wi} 



-I- (Double Pole Contributions) 
where we have defined 



(4.53) 



Res 



(4.54) 



As indicated in the equation there may be additional terms coming from the double poles 
of ({Xj}) with respect to ki, which certainly exist in general. 

Finally we analytically continue Xi to obtain the holographic expansion of the three- 
point function: 



{^{Ti,niMT2,n2mT3,n3)) 



l[a{Ti-iTr/2)-' 



i-i) 



Ti{Ti-i7r/2},{ni}) 
T{{Ti-i7T/2},{ni}) 



(4.55) 



+ (Double Pole Contributions) 



FHj^^MTi}) is defined as 



Res 

{ki]={i<Tir 



. 4^;>({r,-m/2}). (4.56) 
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Now let us examine the behavior of F|^*^-^|({rj}) at early times. ^k/T{k) has expo- 
nential T scaling at early times. More precisely, $fc(X)/7~(/c) can be written as 



-ikX 



1 + y^Cn(fc)e' 



nX 



(4.57) 



n=l 



near X — t- — oo. Cn may have poles in k. From the definition of E^'^^^{{Xi}) it can be 
shown that in the early-time limit 



11 ) 



L3 



~a{Ti)T{h) 



(4.58) 



The terms in ( f4.55D relevant in the early-time limit Tj — )• — oo are given by poles of 
S{ai}{{^i}) when {o"j} = (—1, —1, — 1) — they come from picking up poles of the integrand 
that are in the lower-half k plane. The terms of the holographic expansion coming from 
these poles are proportional to 



(ne-^^^'z^Or{Ao({i'.}) 



(4.59) 



for Aj = n" + 1, as promised in the introduction. 

In general, terms in the expansion that come from double poles have factors of (InT), 
(Inz) or (ln|xij|) multiplied to the "conformal" form ( 4.59| ) in the early-time limit. It can 
be seen, however, that any double pole coming from poles of ^k/T{k) are due to poles 
of Cn- Hence double pole contributions of this kind are always subleading in in the 
early-time limit and can be ignored. 

To write out all the terms of the early-time holographic expansion, one must locate all 
the poles of the integrand carefully and compute its residues and take the early-time limit. 
There are many terms that have to be computed on a case-by-case basis that depend on 
the structure of <I>fc/T(fe) and S{{ki}). Most of the terms, however, are "universal" in any 
early-time holographic expansion. These terms come from picking up "generic poles" at 
{-in-} G H^^^ X Hg^ x H^,^. We define "generic poles" {i(Ti<;} G H^l x H^'^ x H^'^ to 
be points that satisfy the following conditions: 

1. n'^^ are integers. 

2. The triplet {n^* + 1} satisfies the triangle inequality. 

3. {ki} = {iain'^^} is either 

(a) not a pole of S{{ki}), 

(b) or lies on a codimension-one pole of S{{ki}) and J2i 'K-l odd. 
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The contribution of a generic pole {fcj} = {— } to ttie early-time three-point function is 



) e-(J:.^^-.)/^sin (^^^^) S{{-^{A- - l)})c^^-^ 
^ ^ ^ ' (4.60) 



647r5L3 



where we have defined = -|- 1. 

We note that contrary to the early-time limit Tj — oo, we cannot obtain the late 
time limit Tj — )■ oo of by plugging in X — )■ T — z7r/2 to the X — t- oo limit of ^k in (^-61). 
This is because we are "gluing" the modes on the Euclidean instanton and the cosmological 
background at r = 0, where r is the radial coordinate of the instanton. This is equivalent 
to gluing the modes at X, T — )• — oo with respect to the conformal coordinates X and T. 

4.3 Spherical Harmonics expansion of the Three-Point function 
on the Past Lightcone 

Let us expand the three-point function in terms of 5*^ harmonics when the points lie on 
the past lightcone of the FRW region, i.e., when 

TuT2,n^-oo (4.61) 
Ri,R2,R3^oo (4.62) 
Ti + Ri-. (finite) (4.63) 

To do so, let us go back to expression ( p. 241 ) and analytically continue the 5"^ coordi- 
nates to coordinates: 

Ti{Xi},{n^}) 

= " (n X 4vrsinhfc,^ T{k,f) ^^^^'^^ (4.64) 
X a.a^asil + e'^^^ '^«'=^)-)^.^fcj({?^,}) . 

Now let us write l^{ki} terms of harmonics. Recall that ^{fe.} is defined by 

i 

The correlators QkiT~(-o,'H) can be written in terms of scalar eigenmodes on T-L^ p^ , ^ ] 

QkUn) = qki{R)Yim{uj) , (4.66) 

where 

3 R 

qkl{R) = {i sinh R)^F{ik + I + l,-ik + I + l;l + -\- sinh^ — ) 

_ 2(-2i)^r(/ + 3/2)_^^.^^^^,^_ d ^isinkR (^.67) 



\^kU''j=i{k'^ + f) 'dcoshR' sinhi? 
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Figure 5: The contour Ck- The contour C-k follows from the definition of Cfc. 



and Y/m are the spherical harmonic functions. 
Then 

gk{no,n) = \Y.j dp^i^%i{-m){^o)%im{n) , (4.68) 

where Ck — depicted in figure |5| — is the contour of integration. Ni{p) is a normalization 
constant: 

'^^> 22'+ir(/ + |)2r(ip)rHp) 22'+ir(z + 3/2)2 • v - 7 



Then h{{ki} can be written as 



n( 



-E 

li,mi 



dpi 



c.. Pi 



We define 



B{{pi,li,mi}) = j dHQ\^J\_Ni^{pi)qp^i^(^_^.){nf, 



(4.70) 



(4.71) 



which can be thought of as structure functions on "H^ similar to Wigner coefficients on S^. 
We have listed some important properties of B{{pi,li,mi}) in appendix^. 
The analytically continued full three-point function may be rewritten as 



T{{Xi},{ni}) 

= ~^X]n(/ ^^^) ^ B{{p,,li,mi}) \ ]\qp,um,{'^i) 



n 



li,mi 



(4.72) 



c' 



2TrT{ki) sinh fcj7r(p2 _ kf) 



5({A:a)aia2CT3(l + e-(S»'^'^'')-). 



As we have switched the order of integration, the contour of integration of the ki^s have 
been changed to . ^. which is depicted in figure ^ 
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c 



p,(+l) 



n 



> 00 



-p 



n 



> ^ 



Figure 6: The contours C'^ and The cross on the imaginary axis is the upmost pole 

of Tik). 



In the X — )• (—00 — i7r/2) limit, or the T — >■ —00 Umit, there is a useful expansion in 
terms of . In this limit 



T{k) 



g-ift(j -iTT/^j (4.73) 



Therefore all the contours of integration for fej can be deformed upward and the poles fc, 
with (Im ki) > and possibly ki = ±pi contribute. Hence 



= , y S{{s^pi}) cosh ^(^^^^^^) e-^E,^^PiT, (474) 

4n,PiSinh7rpif-' 2 ^ ^ 

{(Ti}7^(— 1,— 1,— 1) (at least one ni>0) 

The leading term comes from the poles ztpi that are picked up for the contour integral along 
X Cfc2,(-i) X Cfc3^(_i). Each Si is summed over (+1) and (—1). The subleading terms 
in come from other combinations of contours. 

In the limit Ti, r3 ^ — 00 the integrand is equal to the leading term. Therefore on 
the past lightcone 

T{{Ti-i7r/2},{ni}) 



^ n ( / E ^(fe' ^'^^ i n IpihrniCHi) ) 

Y: S{{sm}) cosh !^i^lf!^e-^^^ ^'^^^^ 



(4.75) 



AH-piSinhTTpi ^ 



B{{pi,li,mi}), qp^l^[-mi)i^^^) ^^'^ PisinhTTpi are all even with respect to pi. Therefore we 
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can rewrite the integral as 

T{{Ti-i^/2],{H^]) 



k,mi 

P„oV, 7r(pi+P2+P3) 

1 It Pi smii Trpi 



(4.76) 



for points on the past Hghtcone. In appendix ^ we show that B{{pi,li,mi}) has a zero of 
order two for each at pi = 0. Hence the integrand does not have any poles along the real 
line. 

In the large R limit, qpim{R,^) behaves as 



(4.77) 



I ( ,^ (^-)'^^^(^ + i)^(-^p) 

+ ^ ^T{-ip + l + l) ' 
Therefore on the past lightcone 
T{{T,-m/2],{ni]) 

= e-^^-«2-^='K|z^,^j({r,,i?i})ii,^,(wi)il,„,(w2)5l3m3(^3) (^-^^^ 

where 

K{h,mi}i{Ti, Ri}) 



._Ln ( r f.""" cosh +«) 



(4.79) 



X 



We can deform the contour of integration for terms with factors of e**-"^* Ri)Pi downward 
and pick up poles of the integrand to give terms of the form 

Y^cre^^-^^^'- (4.80) 

r 

where the real part of the are positive. These terms can be ignored on the past lightcone. 
Therefore the relevant term becomes the term with all cij being (+1): 

K|z,,„j({T„ii,}) 

- 4n (/:*.) f^^((-«»"-=^^^^^ 



(4.81) 

n (^^)''"'r(^^ + i)r(^P.) j.m+H,)).,^ 

J- J- ^T{ipi + li + l) 
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Finally we obtain 



{^{T^,'HiMT2,n2mn,-H3)) 



i-i) 



T{{Ti-i^,T2-i^,T3-i^), i{Ri,uji), {R2,uj2), (^3,^^3))) 



i 

i li,mi 



where 



(4.83) 



^ B{{pi,k,mi}) ^^^^ 7T{pi+p2+P3) f i2iy'T{li + |)r(ipi 



Hi Pi sinhvrpi 



y/TTT{ipi + k + l) 



We note that this expression is valid regardless of the pole structure of ^k/T{k) in the 
lower-half plane of k. Although we have replaced 



Tik) 



-ik(T-iTr/2) 



(4.84) 



throughout the calculation, we can keep {^k/T{k)) and check that all poles picked up 
by contour deformation are indeed subleading in and can safely be ignored, due to 
regularity. 

One might worry that the integrand is not well defined at = since 



r(m) 



1 



T{ipi + + ipi{ipi + !)••• {ipi + h) 



(4.85) 



Since B{{pi,li,mi}) has a zero of order two for each pi at pi = 0, we find that the factor 
in the third line of equation ( 4.83| ) has a simple pole at = with respect to each pi. It 
is the behavior of S{{pi}) near pi = that keeps the integrand well-defined. For generic 
U{X), 

n{p)-)--l, T{p)-^0 for 0.5 (4.86) 



This implies that 



Hence 



Si{p^}) 



^piX) -^0 as p ^ 0. 



dXW{X)^p,{X)^p,{X)^p,{X) 



(4.87) 



(4.88) 



^This behavior holds except in special cases when there is a discrete eigenstate of U{X) at zero energy 
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has a zero with respect to each pi at pi = 0, and the integral is weh defined. One can 
easily check that the reflection/transmission coefficients of the eigenmodes of U{X) indeed 
behave as ( 4.86| ) for the massless and massive scalars we study in this paper. 



The equation ( [4.83 ) implies that the coefficients of the harmonic expansion of the three- 



point function can be obtained by a weighted Fourier transform from the wavefunction 
overlap. We expect the structure function multiplying S{{pi}) to have exponential decay 
to render the integral well-defined. For example, when 

{/i,ma = ((0,0),(0,0),(0,0)), (4.89) 
a short calculation reveals that B{{pi,li,mi}) is given by 

{P1P2P3) sinh vrpi sinh 7rp2 sinh vrpa 

27r5/2 cosh l(zj ?l+P2+P3) ^Qg^^ n{p,-p2+P3) ^^^^ n{p^+p,-p,) ^^^^ ^(pi+P2+P3) ' (^-SO) 

Therefore 

-^((0,0), (0,0), (0,0)) ({^i + ^i}) 

-^n(£*.=-'^--'0**-» (4.1) 

1 



PIP2P3 cosh -(-Pi+P^+P3) cosh ^(P^-P^+P^) cosh ^(P^+P^-P'^) ■ 

5. The Massless Scalar in the Thin- wall Limit 

In this section, we compute the three-point function for a specific example. We set the 
gravitational background to be a thin-wall CDL instanton which is flat on one side {X < 
Xq) and de Sitter on the other {X > Xq). We assume the potential for the scalar (p has 
the expansion 

around the given background. Such a potential can be obtained by a potential such as 



( 2.23 ). Note that the scalar is massless on the flat side. 

The radial potential U{X) derived from this potential is regular for small enough m, 



as shown in appendix C.l, and hence we can use the results of the previous sections. As 



can be seen in section ^, the data needed in determining three-point function are: 

1. The eigenmodes of the radial potential. 

2. The wavefunction overlap S{{ki}) in the radial direction. 

We present these data for our example. 

We first review the thin-wall instanton in section |5.1|. We present the eigenmodes 



and their analytic continuation in section p.2| . <I>fc/T(A;) turns out to be an ex- 
ponential function in T. This implies that the three-point function has a holographic 
expansion with exponential T scaling (|1.5D at all times in the FRW patch — we write the 



holographic expansion explicitly in this section. We compute S{{ki}) in section 5.3. 
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5.1 The Thin- wall CDL Instanton 



We define the thin-wall CDL instanton so that there exists two distinct regions — separated 
by a thin wall — of the instanton where the scalar field takes two discrete values 
at two distinct local minima of the potential V . We are interested in the case when 
V{ct>+) > V{ct>_) = 0. 

Then, the thin-wall CDL instanton can be defined as an analytic continuation of the 
metric 



ds'^ = a'^iX){dX^ + dn'^) 

= a'^{X){dX^ + de^ + sin2 edco^) 



where we define 



a{X) 



^ih^ (X < Xq) 



(5.2) 
(5.3) 



(5.4) 



As before, we use dQ,'^{dio'^) to denote the metric of the three-sphere(two-sphere) respec- 
tively. In these coordinates, the "thin wall" sits at X = Xq, i.e., (/> = 0_ for X < Xq and 
= 0+ for X > Xq. The radius of the "outside" the bubble is set to 1. 
The coordinate X runs over the contour 



Im X = z7r/2. Re X > 

Im X = 

Im X = -iTr/2, 



(5.5) 



and 6 is defined for the contour 



Im 6' = 0, 7r/2 < Re 6' < TT 
Ree = 7r/2, Im > 
Re = 0, Im ^ > 



(5.6) 



Regioi] 
Region B, C 



Region A 



D 

K/2 







X 



-71/2 
















Region A, D 


/ 




\ 






> 






Region B 




\ 





i 


2 Jt 






Region C 



Figure 7: The X contour 



Figure 8: The 9 contour 



-28- 



on the complex plane. 

To extend the definition of a{X) over this contour we define 

^X—Xo 



on the contour Im X = —in/2, and 



on the contour Im X = iTT/2, Kc X > 0. 

The analytic continuation required to obtain the flat FRW region(let us call this region, 
region A) is 

X = T-i7r/2, e = iR{R>0), (5.9) 

which sends slices of three-spheres to slices of three-hyperbolic spaces. This yields the 
metric 



pT—Xo 

ds'^ = ( — -—?(-dT^ + dB? + sinh^ Rd^"^) 

cosh Aq 

pT—X^ 



(5.10) 



which provides the metric for the FRW region inside the bubble. As before, d'h? denotes 
the metric for the three-dimensional hyperbolic space. 

The space-like region(region B) of the CDL background is given by 

^^it + 7r/2 >0), (5.11) 

which results in the metric 

ds^ = a^{X){dX^ - dt^ + cosh^ tduo^) . (5.12) 

Let us denote the Euclidean manifold patched to the space-like region by region C. Its 
metric is given by 

ds"^ = a^{X){dX^ + de^ + sin^ Odio^) . (5.13) 

Finally, we denote the de Sitter FRW region patched to the space-like region, D. It is 
obtained by the analytic continuation 

X = T + iTT/2, e = ip{R>0), (5.14) 

which sends slices of three-spheres to slices of three-hyperbolic spaces. This yields the 
metric 

ds^ = 2 — (— dr^ + dp^ + sinh^ pdui^) 

^i"^ ^ (5.15) 
—i-dr'^ + dn'^), 



sinh T 
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Figure 9: A two-dimensional thin-wall CDL instanton. Region A and B are divided by the 
dash/dotted line while region B and C are divided by the dashed line. The bold line is the domain 
wall X = Xq. The contours are equal X lines. 



which provides the metric for the de Sitter FRW region. 

To summarize, the analytically continued coordinates of the four regions embedded in 
five-dimensional "space" are 



cosh Xo 



/ sinh Xq 
VcoshXo ' 
/ sinh Xq 
VcoshXo ' 
f sinh Xq e^~^0 
\ cosh Xo ' cosh Xo 

/ sinh X 
V cosh X ' ■ 
/ cosh T 



-^£hi (£S '^^''^) ^) 

-^ r„„v. V-". smnt, ( , ^° cosht 



COS ( 



(l 

\ cosh Xo 



■ smi 



' \^ cosh Xo 

^^drx sinht, cosht) cv] 



A 

uj) B,X< Xo 
C,X<Xo 
B,X>Xo 



^ sinh T ' cosh X 
' cosh T 
^ sinh T ' 



COS ( 



■ sm 



0) 



cosh X 

ii5r7Coshp,(^sinhp)a;) D 



C,X> Xo 



(5.16) 



where co denotes the embedded coordinates of the two-sphere. Imaginary coordinates have 
been used to denote the time-like direction. The scalar field takes the value in region 
A and parts of regions B, C with X < Xo- It takes the value ^+ in region D and parts of 
regions B, C with X > Xq. 

Region A and B are patched together along the lightcone T = —oo,R = oo and 
X = — oo, t = oo so that 

T + R = X + t. (5.17) 



Region B and C are patched together at t = and 6 = 7r/2. Region B and D are patched 
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Figure 10: The Penrose diagram for the Lorentzian signature regions of the thin- wall Coleman-De 
Luccia instanton. The bold curve in the grey region is the bubble wall. The space is flat to the left 
of the wall, and deSitter to the right side of the wall. 



together at X = oo, t = oo and r = oo, /> = oo so that 

X-t = T-p. (5.18) 

Also note that the regions A, B and C share the common point, (— f^|^^,0,0) where for 
region A, is at T = — oo for finite R, and for region B, C is at X = — oo and t, 9 are finite. 
Similarly, the regions B, C and D share the common point, (1,0,0) where for region A, is 
at r = oo for finite p, and for region B, C is at X = oo for finite t and 9. This can be 
summarized by figures and||. 

As noted in section |2|, the analytic continuation we use differs from the standard 
conventions used in the literature M, 36, 39 1. We have found this different convention 



convenient to use for describing individual modes in this background, as we found it easy 
to define the patching ( p. 17 ) and (5.18) of the various regions using this choice. 



The diagram for a two-dimensional thin-wall CDL instanton embedded in three-dimensional 
space is given in figure The contours are equal X lines. By obvious dimensional limita- 
tions, region D is not depicted. 



We can also draw a Penrose diagram of this space. Figure IC is a Penrose diagram of 
the regions with Lorentzian signature. The thin curves inside this region denotes constant 
T slices which are "H^^s. The asymptotic boundary for region A is at space-like infinity, 
i? — 7- oo. We have denoted this boundary S in the introduction. 

5.2 Eigenmodes of the Radial Potential 

In this section, we compute the eigenmodes of the radial potential for the scalar field. To 
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do so, we first compute the potential U{X) for the thin- wall metric a{X). It is given by 



U{X) 



We know two sets of unbounded solutions for the equation 

+ U{X))^k{X) = (1 + k^)^k{X) 

for the thin-wall case which are 



f e'''^ + 7^(A;)e-**^^ {X < Xq) 



[rmkix) 



{X > Xo) 



(5.19) 



(5.20) 



(5.21) 



r r(A;)e^'=^ {X < Xo) 

\</)_,(X)-MM<^,(X) iX>Xo) 



(f)k is defined to be 



,{X) = e*^^F(-z., u + l;l-ik; ^~^f^^ ) 



(5.22) 



(5.23) 



F is the hypergeometric function 2-^1. Note that for X ^ 00, (f)k{X) e^^-^ . v is defined 
to be 



,^ , V9 - 4m2 - 1 
z/ = (1 — e) = 1 



T 



The boundary conditions we must solve to obtain H and T are 

g.fcXo ^ 7^(fe)e-ife^o = r(yfc)(/'fc(Xo) 
ifce^'^^o - ikn{k)e-^^^^ = T{k) [dp'kiXo) + (tanhXo + l)0fc(Xo)] 



(5.24) 

(5.25) 

(5.26) 



The last term of the last equation comes from being careful with the singularity of a" {X) /a{X) 
at X = Xo. 

The reflection and transmission coefficients are given by 



n{k) = e^^^^ 



T{k) 



{t-l)bk{t) + eit-l)idkit)-bk{t)) 



{ik + l)cfc(t) - e \tck{t) + ^c',(i) 
ik 



We have defined 



{ik + l)ck{t) - e tck{t) + ^4(t) 



6fc(x) = F{—v + 1, z/ + 1; 1 — i/^; x) 
Ck{x) = F{—u, v;! — ik; x) 

c'kix) = -^F{-i^,i^;l - ik;y)\y=a; 

dk{x) = F^—v, v + — ik; x) 



(5.27) 

(5.28) 



(5.29) 
(5.30) 

(5.31) 

(5.32) 
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t is defined as 



t = 



L 



-Xo 



It lies in the range 

In the m — )• hmit, we find that 



2 2 cosh Xq 
< t < 1. 



MX) 

n{k) e 

Uk) 



^ikx f tanhX -i/c 



1 - ik 

2ikXo l-l + ifc)(l +tanhXo) 
(1 + iA;)(tanhXo + 1 - 2ik) 
2ik{l - ik) 



(1 + iA;)(tanhXo + 1 - 2ik) 



(5.33) 
(5.34) 

(5.35) 
(5.36) 
(5.37) 



Under the assumptions we have made, the analytic continuation of the modes to the 
interior of the bubble(region A) is straightforward. ^k{X) /T{k) can be analytically con- 
tinued to 



^k{X) 

Uk) 



-ik{T-i-K/2) 



(5.38) 



under X ^ T — m j2. 

Plugging this into the holographic expansion ( 4.55| ), and using the fact that a(T) 



Le , we indeed arrive at an holographic expansion of the form (1^). Recall that 



l,^{T^,Ux)^[T2.U2)(p[T^.U^)) 
K^+i} 



(5.39) 



for 



Res 

{fci} = {j(Tinr|} 

3 



n 



«^fc,(r,-m/2) 

a(Ti)r(A;i) 



S{a,}{{kt\) 



(5.40) 



where we have used = njf + 1 as before. Therefore it is clear that ( 5.39|) can be written 



^-^^ Res ^ %.|({fcj) 

/ {fci}={«o"inr/} 



in the form (1.5): 



{^{Ti,ni)v{T2,n2)<p(T3,n3)) 



E E eg!, (U' 



i-i+<x.(A;^^'-i)]T,^n^>+i r^^.,^^^({f J) + (log terms 



(5.41) 
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The structure coefficients can be identffied with residues of S^^.y{{ki}), i.e., 



[ 64vr2n,sinhfe,vr ^^^^^^^ " ^^"^^^ 



The structure coefficient of a term coming from a generic pole at {ic7j(Aj — 1)} G i/^^^ x 
H'^'^ X if^^ can be related to the wavefunction overlap in an even simpler way: 



= -^«-^^^'^'/^-n(!^^^)5(0a.(A- - l)})c^^,y . (5.43) 



5.3 The Wavefunction Overlap 

We compute the wavefunction overlap 

/oo 
dXa{X)^kAX)^kAX)^ks{X), (5.44) 
-oo 

for the thin-wall instanton in this section. 
As we assumed that 

^1^=0 = at^ = ^_ (5.45) 

^^1(^=0 = '^ at (/) = (?!)+, (5.46) 

the overlap is given by 

/•oo 

S{{ki}) = A / dXaiX)^k^ {X)^k, {X)^ks {X) 

JXn 



= xT{h)T{k2)r{ks) ——^^^^x)ct>k,{x)^k,{x). 

We have been able to find a series expansion for the integrand. We note that 

0fc(X) = e'''^F{-v, z/ + 1; 1 - iyfc; 



(5.47) 



(5.48) 



ikX {-J^)rn{l^ + l)m ( _e \ 

where, as before, 

(a)„ = a(a + !)••• (a + 1). (5.49) 

Using the fact that 

foo P-2NX 
_ JKX 6 

'Xo 



<r,K{Xo) = I 
Jx, 



^n,k{X,)=I —^e^ (l + e-2^)^ 



(iK-2N-l)Xo {N+\)^ -2Xn-|m ,^ 



e 



{iK-2N-l)X, iK 1 ^iK 3 



_F{N + 1, -111 + 1 + AT; -111 + r + iV; -e-2^0) , 



-iK + N + f 2 ' 2 ' 2 ' 2 
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S{{ki}) can be shown to be 



{rrii} 



T-T V-^M»l'^ ^ ^)rn, ^^^^^ 



-^(mi+m2+m3),i<:(^o) • (5.51) 



The sum of mj runs over the non- negative integers. We have defined 

K = ki + k2 + h. (5.52) 

We point out two non-trivial cancellations related to S{{ki}). The zeros of 'T{ki) at 
ki = —irii are cancehed by the zeros of (1 — iki)m for m > Ui. Meanwhile, 

f (n < N) 

Res J^NKiXo) = < , (5.53) 

This cancels the zero of cos(7r ^ crjA;j/2) and makes the three-point functions of dimension 
{Aj} with odd X^j(Ai — 1) contribute in the holographic expansion. 

6. The Massive Scalar in the Thin-wall Limit 

In this section, we compute the three-point function of a massive scalar in the thin-wall 



CDL instanton background introduced in section p.l| . We assume the potential for the 
scalar ip has the expansion 

V((^) = ^mV + ^A^3 + 0((^4)^ (g_l) 
Such a potential can be obtained by a potential independent of other background fields 



such as ( |2.26| ). The radial potential U{X) derived from this potential is regular for small 
enough m, as shown in appendix |C.2| , and hence we can use the results of the previous 
sections. 

As in the previous section we compute the 

1. The eigenmodes <l>fc, of the radial potential. 

2. The wavefunction overlap S{{ki}) in the radial direction. 

for this scalar. We first present the eigenmodes ^k,^k and their analytic continuation 
in section |6]l|. Here we identify the poles of ^k/T{k) and discuss their effects on the 
holographic expansion. We also discuss the analytic structure of ^^j^k a-nd the reflec- 
tion/transmission coefficient along the way. We compute 5({/cj}) in section 



6.1 Eigenmodes of the Radial Potential 

In this section, we compute the eigenmodes of the radial potential for the scalar field. To 
do so, we first compute the potential U{X) for the thin- wall metric a{X). This is given by 
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where 



/i = mL, L 



-Xo 



cosh Xq 

We know two sets of unbounded solutions for the equation 

+ U{X))^k{X) = (1 + k^)^k{X) 
for the thin-waU case. They are given by 

\T{k)ct>k{X) {X > Xo) 



('r(fc)v-fc(x) {X < Xo) 

\<^_,(X)-^^i^gP</.,(X) {X>Xo) 



ipk, 4'k ^'I'e defined to be 



V'feW = (fr'r(ifc + l)/,fe(Me^) 



, /-.^N ikx -, -, •, 1 — tanhX, 



(6.3) 
(6.4) 

(6.5) 
(6.6) 

(6.7) 
(6.8) 



F is the hypergeometric function 2-F1 and / is the modified Bessel function. A before, v 
and e are defined to be 



V9 - 4m2 - 1 ^ 
= 1 — e = ~ 1 



m 

T 



The reflection and transmission coefficients are given by 

-^kiXo] 



n{k) = 

T{k) = 



,V'-ifc(^o)J 



(t - l)bk{t) + e{{t - l){dk{t) - bkjt))} + 



{ik + l)ck{t) - e{tck{t) + f^4(t)} - 2^_,(Xo) 



V'-fc(Xo) [(i/c + l)c,,(t) - e{tck{t) + frjc;(t)} - /x ^ 
We have defined 6, c, c' and 0? as before and 



,e^Qdk(t)g-k(Xo) 



As before, t is defined as 



5fe(X) = {f^)-'^nik + l)/,fc+i(/xe^) . 



_ L _ ^ 
^ 2" ^ 2coshXo 



(6.9) 

(6.10) 
(6.11) 

(6.12) 
(6.13) 



and is in the range < t < 1. 

Under the assumptions we have made, the analytic continuation of the modes to the 
flat FRW region (region A) is straightforward. $fc(X)/T(fe) can be analytically continued 
to 



(6.14) 
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under X — t- T — i7r/2, where J is the Bessel function. 

It is clear that ^k{X)/T{k) has an infinite number of poles due to the T function. 
They are situated at 

k = —in, n is a positive integer , (6.15) 



which are all in the lower-half plane. When k is not near these values, 

T[k) 

However, near k = —in we find that 

$fe(T-OT/2) _ i ( ^2ngm7r/2 



.16) 



e"^(l + 0(e^)) 



and hence 



T{k) k + in \A'^n\{n - l)\ (6.17) 



ResMLl_!![Z^oce-. (6.18) 

k=-in T{k) ^ ' 



As discussed in section 4.2, the contribution of these poles are negligible in the early- 
time limit. They, however, do contribute in the late time limit. In fact, it can be shown 
that 

<I>fc(T-i7r/2) r cD,„(r-i7r/2) 
Res — — oc J„ /xe oc — — , 6.19 

k=-in I (fcj / (m) 

which is exactly how the of poles in H^^ scale. Therefore, to obtain the correct late-time 
behavior of the holographic expansion, one must consider contributions from poles in all 
products of half-planes, H^^ x H^^ x H^^. 

6.2 The Wavefunction Overlap 

We compute the wavefunction overlap 

/oo 
dXa{X)^k, {X)^k, iX)^k; (X) , (6.20) 
-CXD 

for the thin-wall instanton in this section. 
As we have assumed that 



dip 

the overlap turns out to be 



^"^1^=0 = A, (6.21) 



/oo 
dXa{X)^k, {X)^k, {X)^k, {X) . (6.22) 
-co 
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We can split S as the sum of two pieces: 

S{{k^}) = Si{{ki}) + S2{{h}) 
rXo 



dXa{X)^kAX)^kAX)^k,{X) 

-oo 

dXe''l[{iJk^+n{ki)i^.k^) 

/•oo 

„.hxn(r(*.)*..m) 



(6.23) 
(6.24) 



(6.25) 



A / dX- 

'Xo 



S2 has been calculated in section ^]3| — it is given by ( 5.51 ). 5i can be obtained straight- 
forwardly once 

dXe^Vfci(^)^fe2(^)^fe3(^) (6-26) 



is known. Using 



MX) = (|)-r(.. + 1),.,,.-) = E ^^^^^ 

m=0 



(6.27) 



one finds that 



dxe^'i^k.mk.mksix) 



E 

{mi} 



n 



(mV4)'"' 



^{iK+2{mi+m2+m3)+l)Xo 

iK + 2(mi + 7712 + "^3) + 1 



(6.28) 



mi\{iki + 1)^ 

The sum of rrii runs over non-negative integers. We have defined 

K = ki + k2 + k'i. 



5.29) 



7. Summary and Discussion 
7.1 Summary of Results 

We have computed the three-point function of a scalar in a CDL background in four 
dimensions in the setup explained in section ^. When the three points are in the FRW 
region with metric 

ds^ = d{Tf{-dT'^ + dn^), (7.1) 

it is given by the integral: 



{^iTu'Hi)^iT2,'H2)^in,'H3)) 

dh ^k,{Ti-m/2) 



n 



(7 47ri sinh A;j7r d{Ti)T{ki) 



^({A;a)E^i^2^3(i+e-(s-'^»'=»)-)^{^^,,}({?^a) 



{^0 



(7.2) 
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We have assumed that the radial potential 



U{X) = + a\X)^\^=^,,^=o , (7.3) 



is "regular." We have defined regularity in section 3J.. We note that U{X) for both the 
massless and massive scalar in a thin-wall CDL instanton background is regular. 

For convenience, we have used {xi} to denote the triplets {xi, X2, x^) for any variable 
X. The sum over cji runs over the values (+1) and (—1). ^{fcj are the three-point functions 
on three- hyperbolic space 71^: 

"mm,}) = J -l^U-^^JiJ^y (7.4) 

i denotes the angular distance between two points in Ti^. The contour of integration C 
is depicted in figure ^. It is a contour that runs along the real line with a jump over the 
upmost pole of T{k), which we soon define. 

All the non-trivial data of the background and interactions are encoded in $fc/T(A;) 
and the wavefunction overlap S{{ki}). and are eigenmodes of the radial potential 
U{X) with the following asymptotic behavior: 



gifcx _^ Ti{]i)e-^^x -oo) 
{X oo) 




(7.5) 



{X -oo) 



The wavefunction overlap is defined to be 

/oo 
dXW[X)^k, {X)^k, {X)^k, [X) , (7.7) 
-oo 

where 

VF(X)=a(X)0|<^=^„,^=o. (7.8) 

The functions ^k{T — iTr/2)/T{k) in ( [7.2| ) are the radial wavefunctions analytically contin- 
ued to the FRW region of the CDL instanton. 

We have taken various limits of the three-point function. In particular, if we take the 
points of the three-point function near the boundary of the hyperbolic slices, the three-point 
function has a holographic expansion of the form 

-pAi,A2,A3(7l,r2,r3)Z^Ai,A2,A3('Hl,'H2,^3) 

{AJ (7.9) 
-|- (logarithmic terms) . 

^Ai,A2,A3(^i)^2)'H3) is the three point function in hyperbolic space: 

r ^ -(A,-1KCH„-H) 

«,A.,({«.})=/^«n ■ ("») 
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The logarithmic terms have factors of T and In I multiphed to U. At early times, i.e., when 
Ti -oo, 

FA,A2AsiTi,T2,n) ^ C^l:ll]lle-^'^^e-^^'^^e-^-^^ . (7.11) 
Let us denote H'^' to be the upper-half of the complex ki plane divided by C when ai = 
+1 and the lower-half when a2 = —1. Then, the coefficients ^^^1X2 A3 proportional to 
the analytically continued wavefunction overlap 

CaI'aIIa^, « sin ^^^^5(-i(Ai - 1), -^(A2 - 1), -z{A, - 1)) (7.12) 

for {-z(A, - 1)} G H,^' X H,^' x H'^K 

We have also expanded the three-point function on the past lightcone of the FRW 
patch in spherical harmonics. The results are given by equations (|482|) and (WM )- The 



S({fei, Zj, mj}) in the second equation — defined in ( 4.71 ) as the integral of a triple product 
of eigenmodes on — are structure functions on T-l^, much like the Wigner coefficients on 
S^. All the non-trivial data of the coefficients of the harmonic expansion is encoded in the 
wavefunction overlap S{{ki}), as expected. 

We have identified and ^fc; a-nd have computed S{{ki}) for a massless and massive 
scalar in a thin-wall background in sections |5| and ^ respectively. We have assumed that 
the thin-wall divides the CDL instanton into a fiat and de Sitter region. 

In the massless case, the analytic continuation of the functions ^k{X) /T{k) to the 
FRW region are given by 



T{k) 



Hence the expansion (7.9) can be written in the form 

/ 3 \ 



E c2;2::l n^'"'"'"^^'"'^^'^' z^a,a2,a3(^i,%,^3) 



(7.14) 



{Ai,(7,} \i=l / 

+ (logarithmic terms) . 

Each term for a given {ai} label comes from the residue of a pole (io"i(Ai — l),i(T2(A2 — 
l),i(j3(A3 - 1)) of the integrand of in H^l x H^^ x H^^. The coefficients C^;2'^''^l^ 



of generic terms are proportional to the analytically continued wavefunction overlap: 

^aV,a;13 « (^!^^^^ S{iai{A, - l),m2(A2 - l),^a3(A3 - 1)) . (7.15) 

In the massive case, the analytic continuation of the function ^k{X)/T{k) to the FRW 
region is given by a Bessel function 

^^(fr'=r(-zfe + l)J_,,(^e^). (7.16) 

The terms of the holographic expansion ( |7.9| ) have exponential T scaling at early times, 
as expected. The early-time behavior can be determined by the contribution of poles of 
the integrand in H^^ x Hj^^ x Due to the behavior of Bessel functions for large T, 

however, one must take all the poles into account to understand the late-time behavior of 
the correlator. 
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7.2 Discussion 

It is satisfying to see that a holographic expansion of the three-point function exists for 
a scalar that is massless on the flat side of the bubble. If we assume that there is a 
field-operator correspondence 

e(-i±(^"i))^0^ = + e-^'^OZ , (7.17) 

A,± A A 

the structure coefficients of three-point functions of these operators are given essentially 
by the analytic continuation of the wavefunction overlap, i.e., 

C2;Z:k « S{{^a.{A, - 1)}) . (7.18) 



Although we have obtained an expression for S{{ki}) as a series sum ( ^.51 ), we have not 



examined its structure closely. It would be interesting to study the structure of these 
coefficients in detail given the mass of the scalar on the de Sitter side of the wall to get 
a picture of the nature of the operators O^. 



The fact that the massless scalar can be written in the form ( 7.14 ) on the flat FRW 
patch does not depend on the thin-wall limit. It depends, however, on the assumption that 
the FRW patch is flat. The holographic expansion of a massless scalar is expected to be 
modified when this assumption is relaxed. It seems, however, plausible that as long as the 
FRW patch is asymptotically flat, we would be able to extract the correspondence ( 7.17| ) 



by taking early-time and late-time limits of individual points of the correlator. It would 
be interesting to verify such expectations. 

We have not said much about the late-time behavior of the massive correlators in 
this paper. Unlike the case of the massless scalar, the correlators for the massive scalar 
behave non-trivially at late times. From (6.14), the late time behavior of correlators can 



be deduced from the asymptotic behavior of Bessel functions at large arguments. When 

T-^oo, 

V /xvr 2 4 

Therefore one may expect that the late-time holographic expansion of the massive corre- 
lators have oscillatory behavior dampened by e"^"^'/'^ with respect to each Tj. This may 
well be the case, but it must be checked. Since the exponential scaling of terms coming 
from H^^ and H^^ are the same at late times, some non-trivial cancellation might occur 
to give some other T dependent behavior at large T. Once the asymptotic behavior of the 
correlator at late times is established, the task of modifying the conjectured correspondence 
(7.17) to accommodate massive fields can be addressed. At the moment, there does not 



seem to be an obvious way to generalize the field-operator correspondence if the late time 
behavior is given by ( 7.19| ). We leave investigation of such issues to future work. 



There are some calculations in CDL models that can be carried out as natural exten- 
sions of the current calculation. The most interesting ones are the three-point functions 
that involve the inflaton (/> and the metric. The calculation involving the infiaton is subtle, 
as its fluctuation mixes with metric fluctuations. Once, however, the mixing is sorted out. 
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three-point functions involving the inflaton can be computed readily by methods of the 
current paper. 

Three-point functions involving the graviton can also be carried out by a straightfor- 
ward generalization of the current calculation. This is because the calculation of section 



4.1 of analytically continuing a three-point function on the sphere to a three-point func- 
tion on hyperbolic space can readily be generalized to tensor fluctuations. Since we ex- 
pect the stress-energy tensor and the operator responsible for geometric fluctuations — the 



"graviton" — of the boundary CFT to be in the tower ( 7.17| ) of operators that correspond 



to the metric field IC, 11, 15, 17, 39], these calculations will be crucial in extracting 
data of the conjectured boundary CFT. 

It would be particularly interesting to use our calculation to study FRW backgrounds in 
string theory, such as those constructed in or more recently in . There are also some 
interesting analytic CDL solutions constructed |47] that can possibly used as toy- model 



backgrounds for computing correlators. One might hope that the structure coefficients 
computed for these backgrounds are interesting, or even recognizable. In particular, it 
would be interesting to see if the structure coefficients resemble those of timelike Liouville 



theory [gj, |2^, g6|, [23] in any way. Such hopes have yet to be justified. 

We have analyzed the three-point function from the point of view of FRW-CFT, and 
hence focused on its property in the FRW patch inside the bubble. It would be interesting 



to investigate its behavior in different regions. Region D of the Penrose diagram of figure 10 
is an interesting region to compare the CDL correlators with correlators computed around 
a metastable vacuum that has not yet decayed. This is because we can find points that are 
arbitrarily far away from the nucleated bubble in this region. One might expect that the 
two correlators should converge to each other as one travels farther away from the bubble, 
but this is not guaranteed. It would be worthwhile to check if there is a discrepancy, and 
if there is, to understand its implications properly. 
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A. Proof of the Completeness Relation 



We prove (3.18|) for radial potentials U{X) whose continuous eigenfunctions satisfy the 



regularity conditions. Many of the results on one-dimensional scattering we use in this 



section can be found in M, 41]. 



Recall that by properties of a{X), 

U{X) ^1 for X -> ±00 . (A.l) 

and hence there exist a continuum of states labelled by real number k, 

{-dl + U{X))^k{X) = {e + l)^fc(X) . (A.2) 

are defined to be the solutions that behave asymptotically as 

( e'^^ + n(k)e-'''^ (X^-00) , , 

^fc ^ < A.3 
\T[kY^^ (X^oo) 

are defined to be the solutions that behave asymptotically as 

jT{k)e-^^^ {X -00) 

We say U{X) is regular when U{X) and its eigenfunctions satisfy the following condi- 
tions: 

1. The poles of and T{k) with respect to k in the upper-half of the complex k 
plane coincide and are simple. 

2. The number of such poles are finite. 

3. All these poles iz lie on the imaginary axis and correspond to unique bound states 
of energy (1 — z^). 

4. ^k/T{k) does not have a pole in the upper-half of the complex k plane. 

5. U{X) approaches 1 as X — )• — c« "rapidly." 

From standard scattering theory, we know that <I>fc for /c > together with the 
bound states Uiz form a complete orthonormal basis of functions on the real line. Therefore 
the delta function can be written as 

5{X-X') = j^ —^,{X)^,iX'r + — ^fe(X)v&fc(X')* + 5]n,,(XK,(X') (A.5) 
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where we sum over iz which are poles of T in the upper-half plane. Using the relations 
(3.10) and ( 3.11| ) we obtain 

/■°° dk f°° rik 







2tt 



dk , „ , 1 



2tt 
dk^kiX) 
2tt T{k) 



n-k) 

^k{X'). 



n-k) 



(A.6) 



Therefore ( A. 5 ) implies that 

Kx - X') = f ^^.(^0 + Y.u,.{X)uUX') 



By assumption 



Uiz{X) oc Res ^'fc(X) oc Res ^k{X) . 



(A.7) 



Also, since the only simple poles of ^k{X) and '^k{X') in the upper half plane are at the 
poles of T on the imaginary axis, we may write 



u,,{X)u,,{X') = Res 



(A.9) 



for a finite number of constants C^. Therefore (|A.7|) becomes 



6{X - X') 



dk^kiX), 
-oo 2^ Uk) 



Let us denote the number of poles of T in the upper half plane n, and number the 
poles izi, • • • ,izn- Choosing n points X^ and a point X' , Cz^ can be obtained by solving 
the n independent linear equations 



E 

9=1 



^Res 



^k{Xm 
Uk) 



-^k{x': 



dk ^k{Xrn 

27r T{k) 



-^k{X') 



(A.ll) 



for each point Xm- Conversely, if some set of Cz^ satisfies the equation ( [A.ll| ) for at least 
n points X^a and a point X' , they would satisfy equation ( A.IC ). 

We claim the Cz = —i for all the poles. To show this, we first acknowledge that 



c 



dk ^fc(X) 
27r T{k) 



where C is the contour that goes along the real axis with a jump over the upmost pole of 
T. This is depicted in figure |^. 
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Now let us examine ^k/T{k) at X — ?■ — oo and \k\ — t- oo. It is possible to write the 
asymptotic expansion of ^k/T{k) as 



\ ?i=i / 

where c„(X) is a function independent of k. Plugging this ansatz in the Schrodinger 
equation, one actually finds that 

ci{X) = -i dx{U{x) - 1) (A.14) 

2^ J-OO 



Cn+l{X) = -^. 

Zi 



oo 
X 



dx{U{x) - l)Cn{x) - C^(X) 



n>l. (A. 15) 



-^r^(X') = e*^^'-^)'^ (^1 + + 7^(A;)e-^(^+^')*^ (^1 + (A.17) 



We say that {U {X) — 1) approaches "rapidly" as X — — oo, if there exists an Xb < 
such that for ah X < Xb, J_^dx{U{X) - 1) and U'{X) are small enough. By small 
enough, we mean that for X < Xb the r.h.s. of ( [A. 131) converges for large k. This means 
that the ansatz is valid, and the identity ( A.13D is well defined for large k. It is easy to 
check that 

U{X) = l + Ae^^ (A.16) 

for positive is rapid enough by explicit evaluation of coefficients c^. 
Then for any X < X' < Xb <0, 

nk) 

as — )• oo. Let us integrate this along the contour C. Since (X'—X) > and —{X+X') > 
the contour integral of both terms along the infinite half circle C in the upper half plane 
is zero, i.e., 

By assumption, there are no poles of the integrand inside C — C, we actually find that 
Hence for any X < X' < Xb < 

Hence by our previous argument, Cz^ = —i for all poles in the upper half plane. Therefore 

=6{X - X') 
and our proof is complete. 
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B. Properties of B{{pi,li,mi}) 
Now 

B{{pi,li,mi}) 

= j dRsinl? R{^Ni^{pi)qp^i^{R)^ 

{2h + l){2h + l){2h + l) \ 

) {-mi){-m2)mi 

where C^'m2m Wigner coefficients for S"^. 
The radial integral is given by 

dR sinh2 R Ni. {pi)qp.i. {R)j 
1 



(B.l) 



7r3/2(-2i)^i+^2+/3 r{li + 3/2) 

d i.sinpiR 



(B.2) 



X 



J di?sinh2i?J|(sinhi?)''(- 



' d cosh R sinh i? 

Hence the analytic properties of B with respect to {pi} are governed by the behavior of 

We first note that near {pi} = {0,p2,P3) 

B{{pi, k, rrii}) ~ Pi{C + (higher order terms)) , (B.4) 

when p2 and ps are generic. In particular, this is always true when p2 and p^ are real. This 
is because for p near zero 

2(-2i)^r(/ + 3/2) pw. d I R 

^^'^^^ - 0Fn;=ij^ ^d^^^ ^i^ + (^-^^ 

and 

/V - (-i)'r(ip + z + i)rHp + / + i) _ (-i)'n;=oi^ . 

"^^^^^ - 22mr(z + i)2r(^p)r(-zp) " W^WTvW^ ^ ^ ' ^ ^ ^ 

This behavior obviously also holds near p2 ~ and ~ also. In particular, near 
fe} = (0,0,0), 

-B({pi, ^i, rrii}) ~ p\p2Pi{C + (higher order terms)) . (B.7) 
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We note that B only has codimension-one poles. Since we have shown that {pi} 
(0, 0, 0) is a regular point of B, all we have to show is that 



d i.sinpiR 



dR sinh^ RYlisinhRYu 

i 

,„ 9 „-n , , „n; , 1 d sin Pi R 

dR sinh^ i? _Q(sinh Rf'^ — — 



d cosh R sinh R 

1 d sin 
sinh R dR sinh R 



(B.8) 



could have at most a codimension-one pole. Since 



1 2(e-^ + e-2« + e-3^ + ---) (B.9) 



sinhi? 

for i? > 0, the integrand can be written as a sum of terms 

CO 

E C{„o({±p.,4})e("'-^'"'+^^^^^^^'' (B.IO) 

signs ni=0 

where C{„.}({ibpi, /j}) are polynomials with respect to {pi}. Therefore the integral is given 
by 

g .;K>"^^-'-» (B.11) 

n + 1 + • m 

signs ni=0 

which clearly can have only codimension-one poles possibly when 

iY,±Pi (B.12) 

i 

is a positive integer. 

C. Regularity of Radial Potentials for Massless and Massive Scalars 
in a Thin-wall CDL Instanton Background 

We show that the radial potentials for the examples in sections |5| and ^ are regular. We 



state, once more, the regularity conditions in the notation defined in section 3.1 



1. The poles of and T{k) with respect to k in the upper-half of the complex k 
plane coincide and are simple. 

2. The number of such poles are finite. 

3. All such poles iz lie on the imaginary axis and correspond to unique bound states of 
energy (1 — z^). 

4. ^k/T{k) does not have a pole in the upper-half of the complex k plane. 

5. U{X) approaches 1 as X — )• — oo "rapidly." 
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C.l The Scalar Massless in the Flat FRW Patch 



In this section, we verify the regularity of the radial potential for the scalar massless in the 
flat region of a thin-wall CDL instanton: 



U{X) 



2-m? 
cosh^ X 



{X < Xo) 

{X > Xo) 



(C.l) 



As noted in section 3.1, when U{X) is constant for all X < Xq for some Xb, it is 
regular. Since U{X) for the scalar massless in the flat region satisfies this condition, we 
know that it is regular. We, however, check the regularity of U (X) in this section explicitly. 



and are explicitly computed in section 5^. Condition 4 has been checked at 
the end of this section and condition 5 is trivial as [/ = 1 for X < Xq. 

It is clear from the definitions of <l>fc and that the first three conditions will be 
satisfied if the poles of TZ and T coincide at finite points on in the upper-half plane. All 
such poles are automatically on the imaginary axis. If not, this means that there exists 
a normalizable eigenfunction of the Hamiltonian that has an imaginary eigenvalue, which 
cannot be the case since the Hamiltonian is Hermitian. We claim that when the mass m 
is small this is indeed the case. 

We show this by studying the reflection and transmission coefficient. To do so, let us 
rewrite the expressions ( 5.27| ) and ( |5.28| ) for TZ and T: 



n{k) 

r{k) 



(t - l)bkit) + €{it - l)idkit) - bk{t))} 



{ik + l)ck{t) - e{tckit) + 
ik 



(ik + l)cfc(t) - e{tckit) + f^c^(t)} 



(C.2) 
(C.3) 



where 



bk{x) 

4(x) 
4(x) 



F{-i^ + l,i^ + l;l-ik;x) 
F{—v, v;l — ik; x) 
d_ 
dy' 

F(-v,v + l;l 



-F{-iy,u; 1 - ik;y)\y=x 
ik; x) 



t is defined as 



_ L 

^ 2 



-Xo 



(C.4) 
(C.5) 

(C.6) 

(C.7) 

(C.8) 



2 cosh Xq 
It is clear that < i < 1. 

The hypergeometric functions bk,Ck,c'^. and dk do not have poles with respect to k in 
the upper-half plane — the poles are situated at fc = —i, —2i, ■ ■ ■ . In fact, these functions 
are bounded in the upper-half k plane since all of them are analytic and 



F{a, b;l — ik, x) — >• 1, for 



oo 



(C.9) 
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in the upper-half plane. Therefore when the mass m is small — and hence e ~ is 
small — the order e pieces in the numerator and denominator of TZ and T can only shift 
the potential zeros or poles of the numerator or denominator by a very small amount. 
Therefore all the poles of TZ and T in the upper-half plane coincide and can be found near 
the zeros of 

{ik + l)cfe(t) = (ik + l)F(-z/, i^-l- ik; t) . (C.IO) 

Wc claim that ci^;{t) does not have any zeros in the upper-half plane when the mass m 
is small. When m = 0, v = 1 and hence 



\ck{t)\ = \F{-l,l;l-ik;t)\ 



t 

1 



l-ik 



>\-t. (C.ll) 



in the upper-half of the k plane. Since < f < 1, this is never zero for k in the upper-half 
plane. Meanwhile, 

duCk{t%=i = d,F{-u, u; 1 - ik; (C.12) 

is also bounded in the upper-half plane. This can be shown by differentiating the defining 
equation for the hypergeometric function 

1 -*;,)= I ^^^t", (C.13) 

where {x)n is defined to be 

{x)n = x{x + l)---{x + n-l). (C.14) 

One finds that 



2 °° ! 



n+l 



\d^F{-iy,iy;l-ik;t)\^=i\ <2t + Y^ 



n=l 



{l-ik){2-ik)---{n + l-ik) 



^2i + E^ = l^(l-*)+*- 



n=l 



(C.15) 



in the upper-half plane. 

Since |cjt(i)| > (1 — when v = 1 and \diyCk{t)\ is bounded in the upper-half plane at 
this value of u, when the mass m? is sufficiently small as i/ ~ 1 — Ck{t) is never zero 

in the upper-half plane. Therefore the only zero of (ik + l)ck{t) in the upper-half plane is 
k = i. 

Putting everything together, we conclude that the only pole of TZ and T in the upper- 
half plane coincide and is near k = —i. We thereby conclude the verification of the 
regularity of U (X). We note that the pole in the upper-half plane should be slightly below 
(— i), as a small mass gives a positive contribution to the potential, shifting the bound 
state energy in the positive direction. 
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C.2 The Massive Scalar 

In this section, we verify the regularity of the radial potential for the massive scalar in a 
thin-wall CDL instanton: 

t^W= . ° (C.16) 



1—m 



{X>Xo 



^ cosh^ X 

<I>fc and ^fc, as well as the reflection and transmission coefficients are explicitly com- 



puted in section 6^. Condition 4 has also been checked at the end of this section. Condition 
5 is also true for U{X) as potentials with exponential decay are rapid enough. This fact 
has been commented on in appendix 

The fact that the poles of ^k, and Tik) coincide in the upper-half plane can be 
shown by using the following trivial fact. has a pole for all X £ (a, 6) if 

and only if <I>jt(X)('I'jt(X)) has a pole for all X.^ Hence we can look on either side of the 
wall X = Xq to track the analytic behavior of the eigenfunctions. 

= ij-kiX) = {^y''r{-tk + l)/-.fc(^e^) for X<Xo (C.17) 

^ = MX) = e^'^F{-u, u + l■^-^k■ for X > X^ (C.18) 

It is clear that these functions do not have any poles in the upper-half plane. Hence the 
only possibility for a mismatch in poles of and T{k) is when l'{k) has a pole and 

either or (pk has a zero or vice versa. For small mass m we can show this cannot 
happen by methods employed in section |C.1| . Namely, we can show that ip-k{4>k) does 
not have any zeros(poles) in the upper-half plane when m = 0. Then we can show that 
il^-k{4>k) changes smoothly with respect to m around m = when k is in the upper-half 
plane. Thereby we can prove that condition 1 holds for small mass. 

We can show there is a unique pole of T{k) in the upper-half plane near k = i when m 



is small by methods used in C.l, thereby confirming condition 2. We do not reproduce the 
proof as it is a mere repetition of previous arguments. We note the interesting fact that 
lZ{k) actually has an infinite number of poles in the upper-half plane. Recall that 

^k{x) = MX) + n{k)i,Mx) {X < Xo) . (C.19) 

Now does not have any poles in the upper-half plane, but does. The poles of TZ{k) 
precisely cancel those poles. 

One can show by contradiction that the unique pole should be on the imaginary axis. 
Assume that the pole of T{k) is not pure imaginary. By examining the residue of ^'fc, 
we find a normalizable eigenfunction of the Hamiltonian that has an imaginary eigenvalue. 
This cannot be the case since the Hamiltonian is Hermitian. If the pole is on the imaginary 
axis, the residue of yields the corresponding bound state wavefunction. Condition 3 is 
verified. 



This fact can be checked exphcitly in our case by using properties of hypergeometric and Bessel func- 
tions. 
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